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Theorem 4.2, Axiom 3
Let u, v, and w be vectors in R™, and let ¢ and d be scalars.

(u+v)+w=u+(v+w)

Proof: Let u = (u1,uz,...,un), v=(v1,02,...,0,), and w = (w1, wa, ..., w,) be vectors in ™. Note that
u;, v;, and w; are real numbers for all 7. Consider

(u4v)+w=((ur,ug,...,up)+ (v1,02,...,0,)) + (
= ((u1 +v1), (ug +v2), ..., (un +v,)) + (w1, w2, ..., wy
= ((u1 +v1) +wi, (u2 +v2) + w2, ..., (un + vp) +wy

W1, W, ..., Wy
(Definition of Addition of Vectors)
(Definition of Addition of Vectors)

= (u1 + (v1 +w1),us + (V2 +wa), ..., up + (Un + Wy (Associative Property of Real Numbers)

(

(

)
= (u1,u2,...,upn) + ((v1 +w1), (va + wa),..., (v + wy) Definition of Addition of Vectors)
)

\./\./\./\./\./\/\./

= (ut,ug, ..., uy) + ((v1,v9, ..., vp) + (w1, we, ..., Wy Definition of Addition of Vectors)
=u+(v+w
QED
Theorem 4.2, Axiom 4
Let u, v, and w be vectors in ", and let ¢ and d be scalars.
u+0=u
Proof: Let u = (uy,us,...,u,) be a vector in R™. Note that u; is a real number for all i. Consider
u+0=(up,ug,...,u,)+(0,0,...,0)
= (u1 +0,u2 +0,. n+0) (Definition of Addition of Vectors)
(ul, Uy vy Up (Since 0 is the Additive Identity of Real Numbers)
=u
QED

Theorem 4.2, Axiom 7
Let u, v, and w be vectors in ™, and let ¢ and d be scalars.

clu+v)=cu+ecv



Proof: Let u = (uy,us,...,u,) and v = (v1,v2,...,v,) be vectors in R". Let ¢ be a scalar. Note that u;
and v; are real numbers for all i. Consider

clu+v)=c((ug,uz,...,u) + (v1,v2,...,0,
=c((u1 +v1), (ug +v2),..., (up + vy
= (c(ur +v1),c(us +v2), ..., c(up + vy

)

) (Definition of Addition of Vectors)

)
= (cuy + cvy,cug + cva, ..., Cupy + cvy) (Distributive Property of Real Numbers)

)

)

~— ~— ~—

Definition of Scalar Multiplication)

= (cuy, cug, ..., cuy) + (cvi, cva, ..., co, Definition of Addition of Vectors)
= c(ug,ug, ..., un) + c(vi,v2,...,vp Definition of Scalar Multiplication)
=cu-+cv
QED
Theorem 4.3, Axiom 3
Let v be a vector in R™, and let ¢ be a scalar.
Ov=20
Proof: Let v = (v1,v2,...,v,) be a vector in "™ and let ¢ be a scalar. Note that v; is a real number for all
i. Consider
0v = 0(v1,v2,...,0,)
= (Ovy, Ova, ..., 00,) (Definition of Scalar Multiplication)
= (0,0,...,0) (Since 0 multiplied by any real number is 0)
=0
QED
Theorem 4.3, Axiom 5
Let v be a vector in R”, and let ¢ be a scalar.
Ifcv=0, thenc=0orv=0
Proof: Let v = (v1,v2,...,v,) be a vector in ™ and let ¢ be a scalar such that cv = 0. Note that v; is a
real number for all 4. From the definition of scalar multiplication c¢v = ¢(vy, v, ..., v,) = (cv1, cva, ..., cvy).

Since cv = 0, (cvy, cvg, ..., cv,) = (0,0,...,0). This implies that cv; =0, cvg =0, ..., cv, = 0. By the zero
factor property of real numbers, cv; = 0 implies that ¢ = 0 or v; = 0 for all 4. If ¢ = 0 we are done. If ¢ # 0
then v; = 0 for all ¢ or (v1,ve,...v,) = (0,0,...,0) which means v = 0. QED

Theorem 4.3, Axiom 6
Let v be a vector in R"™, and let ¢ be a scalar.

—(—v)=v



Proof: Let v = (v1,vs,...,v,) be a vector in 1". Note that v; is a real number for all . Consider
—(=v) = =1(—1(v1,v2,...,v,))
= —1(—-1vy, —1vg, ..., —1v,)

= (=1(=1v1), ~1(=1vz),..., —1(~1vy))

(Definition of Scalar Multiplication)

(
=((-1-—Dwvg, (=1 =Dvg,...,(—=1-=1)v,) (Associative Property of Real Numbers)

(-1

(

Definition of Scalar Multiplication)

—1=1)
Since 1 is the Multiplicative Identity of Real Numbers)

= (1v, v, ..., lvy,)
= (v1,v2,...,Vn

=v

QED

Sec 4.2, 27
Prove in full detail that M o, with the standard operations, is a vector space.

Proof: Let A= “1 12 , B= b b ,and C' = €1 €12 ) b6 clements of Ms 5. Let d and
a1 @22 ba1  baa C21  C22 ’

e be scalars. Note that a;j, b;;, and c¢;; are real numbers.

1. A+ B isin MQ)Q.
A+rB—( @ o2 bi1 b2
Go1 29 ba1  bao
- ( a1 +bi a1z + b > (Definition of Addition of Matrices)

a1 + b1 agz + bao

a1 +bi1 aiz + b2 )

Since the real numbers are closed under addition, a;;+b;; is a real number. Therefore
a1 +ba1  agy + bao

is an element of Mj 5.
2. A+ B=DB+ A.
A+ B= ail a2 + b1 b2
a21 Aa22 ba1  bag

= ( Z; I Z; Z;z i z;z ) (Definition of Addition of Matrices)

B+A_<b11 b12)+<a11 au)
ba1  bao az1 Aa22
= ( Zi 12;1 lg;z i le ) (Definition of Addition of Matrices)

_( a1 +bin a2 +bio
a1 +ba1  aza + bao

) (Commutative Property of Real Numbers)
Therefore A+ B = B + A.
3. A+(B+C)=(A+B)+C.
aveso= (o) (i )+ (2 2)
- ( a2 ) + ( buten bixte ) (Definition of Addition of Matrices)

a1 22 bar +c21 baa +coo

(a1 + (bin + 1) arz+ (b2 +ci2) . . .
= ( o1+ (b1 + C21) o+ (bas + Ca) (Definition of Addition of Matrices)



(A+ B) + 0= a1l a2 + bir b2 + €11 C12
a1 Aa22 bar  boo C21  C22

_ (@b b 4 e (Definition of Addition of Matrices)
a1 +ba1  aga + bao Co1  C22

(@11 +b11) + i1 (@12 + bi2) + ci2
(a21 +b21) + a1 (age + baa) + co2

< a1+ (bun +ci1) aiz+ (b + 012

(Definition of Addition of Matrices)

(Associative Property of Real Numbers
as1 + (b1 +c21) a2 + (baa + c22) PErLy )

Therefore A+ (B+C)=(A+ B)+C.

4. Mj o has a zero vector 0 such that for every A in Mo, A+ 0= A.

0 0

_( ann a2 0 0
A+0_(CL21 a22>+(0 0)

Define the zero vector to be 0 = ( 00 )

(a1 +0 ap2+0 . . N
- ( o1 +0  ag +0 ) (Definition of Matrix Addition)
( le ) (Since 0 is the Additive Identity of Real Numbers)
22
=A

5. For every A in Mj o, there is a vector in My o denoted by —A such that A+ (—A) = 0.

Define the additive inverse to be —A4 = [ 1 ~9%12 )
—a21 —a22

At (—A) = ail a2 n —a11  —a12
as1 G922 —a21 —a22
_ < a1 + (—ai1) a2+ (—aiz

(Definition of Addition of Matrices
as + (—az1) ag + (—ag )

)
)
( 8 ) (Additive Inverses of Real Numbers)
=0

6. dAisin Mss.

dA = d ( ailr a2 )
az1 a2
. ( da11 da12

das, dasso ) (Definition of Scalar Multiplication)

daii  daqo )

Since the real numbers are closed under multiplication, da;; is a real number. Therefore ( da da
21 22

is an element of Ms 5.

d(A+ B) = dA + dB.

d(A + B) —d a1l a2 ) + bir b2
as1 G99 ba1  bao
=d ( Zi i Zi Z;z i 2;3 ) (Definition of Addition of Matrices)



( EZi 1 Z;; ZEZZ i lg;j; ) (Definition of Scalar Multiplication)

( dai1 +dbi1  daia + dbig

dag, + dby,  dags + dboy ) (Distributive Property of Real Numbers)

dA+dB =d ail a2 +d b1 b2
a21 Q22 b21 b22

o da11 dalg db11 dblg o RT .
= ( day  dasy ) + ( dbsy by ) (Definition of Scalar Multiplication)

. dai; + dby;  dais + dbia .. .. .
= ( oy + dbsy das - dboy ) (Definition of Addition of Matrices)

Therefore d(A + B) = dA + dB.
8. (d+e)A=dA+ eA.

(d+e)A (d+e)<a“ ‘”2>

a1 Q22
d+€ a11 d+€)a12
d+€ CL21 d+e)a22

dayy +earr  daig + earn
dagi + eaz1  dasg + eass

> (Definition of Scalar Multiplication)

) (Distributive Property of Real Numbers)

dA+eA:d< e ) +e( e >
a1 Q22 a1 a2z
_ ( don dax 4 o ez (Definition of Scalar Multiplication)
dagy  dagz €az1 €eaz2

= ( ZZ; i 22;1 ZZ;; i 22;2 > (Definition of Addition of Matrices)

Therefore (d + e)A = dA + eA.

9. d(eA) = (de)A.
ool i)

—=d ( €11 €d12 ) (Definition of Scalar Multiplication)
eaz; eas

= < ZEZZ;; ZEEZ;E; ) (Definition of Scalar Multiplication)

(de)A = (de) ( Z;l 12 )

1G22

(
(d
( ZEEZ;S ZEZZZ; ) (Associative Property of Real Numbers)

Z;Z; Eggg;z > (Definition of Scalar Multiplication)

Therefore d(eA) = (de)A



a1l a2

a1 a2
1&11 1012
1(121 1a22

Definition of Scalar Multiplication)

ailr a2
a1 a2
=A

(
(

Since 1 is the Multiplicative Identity of Real Numbers)
QED

Sec 4.2, 30
Let V' be the set of all positive real numbers. Determine whether V' is a vector space with the following
operations.

T4+y=u2xy Addition

cx = x° Scalar Multiplication

If it is, verify each vector space axiom: if not, state all vector space axioms that fail.

Answer: Yes, it is a vector space.
Proof: Let V be the set of all positive real numbers. Let z, y, and z be elements of V. Let ¢ and d be
scalars.

1. z4+yisin V.
r+y=xy

Since the real numbers are closed under multiplication, xy is a real numbers. Since z and y are positive
numbers, xy is also positive. Therefore zy is an element of V.

2. x+y=y+=x.

T+y=uay (Definition of Addition)

y+z=uyzx (Definition of Addition)
=2y (Commutative Property of Multiplication of Real Numbers)

Therefore x +y =y + x.
.z+(y+z2)=(x+y)+z

4+ (y+z2)=z+yz (Definition of Addition)
= z(yz) (Definition of Addition)

(z+y)+z=ay+=z (Definition of Addition)
= (ay)z (Definition of Addition)
= 2(yz) (Associative Property of Real Numbers)

Therefore x 4+ (y + 2) = (z + y) + 2.



4. V has a zero vector 0 such that for every x in V, z + 0 = .

Define the zero vector to be 0 = 1.
r+0=x+1
=z-1 (Definition of Addition)

=z (Since 1 is the Multiplicative Identity of Real Numbers)

5. For every x in V, there is a vector in V' denoted by —z such that = + (—z) = 0.

Define the additive inverse to be —x = %

1
x4+ (—x)=z+ -
1
=x— (Definition of Addition)

x

1

(Note that — is defined since x is always positive and thus never 0)
x
=1 (Multiplicative Inverses of Real Numbers)

=0

6. cxisin V.
cx = z°(Definition of Scalar Multiplication)

A positive real number raised to a real power is always a positive real number so x¢ is an element of
V.

7. clx+y) =cx+cy.

c(x +y) = clzy)
= (2y)°

(Definition of Addition)
(Definition of Scalar Multiplication)

— xcyc

cx +cy = x° 4+ y°

— nyC

(Product to a Power Property)

(Definition of Scalar Multiplication)
(Definition of Addition)

Therefore c(z + y) = cx + cy.
8. (c+d)x = cx + dz.
(c+d)x = 2t

= 22

(Definition of Scalar Multiplication)
(Product of Like Bases Property)

cx + dx = 2 + z* (Definition of Scalar Multiplication)
= z¢x? (Definition of Addition)

Therefore (¢ + d)x = cx + dax.

9. ¢(dx) = (ed)x.

c(dz) = cx? Definition of Scalar Multiplication)

zde Power to a Power Property)

cd

(

= (xd)c (Definition of Scalar Multiplication)
(
(

Commutative Property Property of Real Numbers)

(cd)x = z°?

Therefore ¢(dz) = (cd)x.

(Definition of Scalar Multiplication)



10. 1(z) = x.

I(z) = 2! (Definition of Scalar Multiplication)
=z (Since any number to the power 1 is itself)

Sec 4.2, 32
Prove that in a given vector space V', the additive inverse of a vector is unique.

QED

Proof: Let V be a vector space. Let u be a vector in V. Assume that vector u has two additive inverses,

v and w. From the definition of an additive inverse we obtain

u+v=0
u+w=0.

Since u + v and v + w are both equal to 0 they are equal to each other:
utv=u-+w.
Adding v to the left side of each yields
vV+u+v=v+u+w.
Since v + u = 0, the above expression becomes
O0+v=0+w.

By VS property 4,
vV=w.

This contradicts our assumption that v # w. Thus the additive inverse of a vector is unique.

QED



