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A double pendulum consists of one pendulum attached to another. Consider a double bob pendulum with
masses my and my attached by rigid massless wires of lengths [; and [5. Further, let the angles the two wires
make with the vertical be denoted 6, and 65, as illustrated above. Finally, let gravity be given by g. Then
the positions of the bobs are given by

r1 = ll sin(&l) (1)
y1 = —lycos(f) (2)
xo = lysin(f;) + lasin(fs) (3)
ya = —ljcos(f1) — Iz cos(hs) (4)
The potential energy of the system is then given by
V= magys +magys
= myg(—licos(6h)) + mag(—l1 cos(01) — Iz cos(02))
= —m1g11 cos((h) — ngll COS(Gl) — nglg COS(GQ)
—(mq + ma)gly cos(01) — magls cos(6z), (5)
and the kinetic energy by
1 1
T = imlvf + imgvg
1 1
= gl + i) + 5ma(es +u3)
1 . 1 . . ..
= imllfﬂf +5m2 (1202 + 12602 + 211156, 65 cos(0; — 6,)]. (6)



The Lagrangian is then

L = T-V

1 . 1 . ..
= §(m1 + mg)l%O% + fm21§0§ + mal1l36102 cos(b1 — 02) + (mq + ma)gly cos(6r) + magls cos(62).(7)

2

Therefore, for 61,

39'[; = (m+ mg)lfél + malylsfs cos(fy — 63)
= myl201 + mal?01 + mylyly0 cos(0y — 65)
% (3;) = (mq +m2)I201 + malyly0y cos(01 — 0) — malylafy sin(fy — 62) (61 — 65)
AL , L
6791 = —lig(m1 + ma)sin(0y) — malila6102 sin(6, — 05),

so the Fuler-Lagrange differential equation for #; becomes

(mq + mg)l%él + malyla6s cos(f — b63) — malyla0s sin(6; — 92)(91
+l1g(m1 4+ mo) sin(61) + malyla0;16, sin (6,

(m1 + ma) 1201 4+ malylo0 cos(6y

—l—mglllgé% sin(fy — 63) + l1g(my + mg) sin(fy) + malyla016- sin (6,

Diving through by [y, this simplifies to

02
62
6o

)
)
)
02)

(m1 + mg)llél + mQZQéQ cos(c91 — 92)

+m2l29'§ sin(91 - 92) + g(m1 + mg) sin(@l) + mglgélég sin(91 — 92) = 0.
Similarly, for 65,
L . .
87. = m2l§92 + m2l1l201 COS(91 — 92)
004
d (OL . ) . o
— | — = m21292 + m2111201 COS(91 — 92) — m2111291 sm(91 — 92)(91 - 92)
dt \ 96,
oL s .
67 = m2l1l29102 8111(91 — 92) — lgmgg s1n(92),
2

so the Euler-Lagrange differential equation for 65 becomes

mglgéQ + mQleQél 005(01 — 92) — mglllgél sin(01 — 02)(91 — 92)
77’)1211120.10.2 sin(01 — 92) + lngg Sin(eg)
mgl%ég + mglllgél COS(91 — 92) — mglllgé% sin(91 — 92) + lzmgg sin(Hg)

Diving through by [y, this simplifies to

mglgég + mgllél COS(91 — 92) — mgllé% sin(91 — 92) + mog sin(Gg) =0.
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