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The required transformation is x, y, z → r, θ, φ. In Spherical Coordinates

u1 = r, u2 = θ, u3 = φ.

Also

x = x1 = r sin(θ) cos(φ) y = x2 = r sin(θ) sin(φ) z = x3 = r cos(θ).

The scale factors are determined as follows:

g11 =
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(
∂xk

∂u1

)2

=
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∂x1
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+
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∂x2
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+
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(r sin(θ) cos(φ))

]2
+
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∂r
(r sin(θ) sin(φ))

]2
+
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∂

∂r
(r cos(θ))

]2
= sin2(θ) cos2(φ) + sin2(θ) sin2(φ) + cos2(θ)

= sin2(θ)(cos( φ) + sin2(φ)) + cos2(θ)

= sin2(θ)(1) + cos2(θ)

= 1 = h21

∴ h1 = 1.
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]2
+
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(r sin(θ) sin(φ))

]2
+
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∂
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(r cos(θ))

]2
= r2 cos2(θ) cos2(φ) + r2 cos2(θ) sin2(φ) + r2 sin2(θ)

= r2(cos2(θ)(cos2(φ) + sin2(φ)) + sin2(θ))

= r2(cos2(θ)(1) + sin2(θ))

= r2(1)

= r2 = h22

∴ h2 = r.
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g33 =
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(r sin(θ) cos(φ))

]2
+
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∂

∂φ
(r sin(θ) sin(φ))

]2
+

[
∂

∂φ
(r cos(θ))

]2
= r2 sin2(θ) sin2(φ) + r2 sin2(θ) cos2(φ) + 0

= r2 sin2(θ)(sin2(φ) + cos2(φ))

= r2 sin2(θ)(1)

= r2 sin2(θ) = h23

∴ h3 = r sin(θ).

The gradient in any coordinate system can be expressed as

∇ =
ê1
h1

∂

∂u1
+

ê2
h2

∂

∂u2
+

ê3
h3

∂

∂u3
.

The gradient in Spherical Coordinates is then

∇ =
∂

∂r
r̂ +

1

r

∂

∂θ
θ̂ +

1

r sin(θ)

∂

∂φ
φ̂.

The divergence in any coordinate system can be expressed as

∇ · V =
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h1h2h3

[
∂
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∂
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]
The divergence in Spherical Coordinates is then

∇ · V =
1

r2 sin(θ)

[
∂
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∂θ
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∂
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]
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∂
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∂
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∂
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∂

∂r
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1

r sin(θ)

∂

∂θ
(sin(θ)Vθ) +

1

r sin(θ)

∂Vφ
∂φ

The curl in any coordinate system can be expressed as
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)
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1
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)
− 1

h1h3
ê2
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∂u1
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)
+

1

h1h2
ê3

(
∂

∂u1
h2V2 −
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)
The curl in Spherical Coordinates is then

∇× V =
1

r2 sin(θ)

[
∂

∂θ
(r sin(θ)Vφ)−

∂

∂φ
(rVθ)

]
r̂ − 1

r sin(θ)

[
∂

∂r
(r sin(θ)Vφ)−

∂Vr
∂φ

]
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1

r

[
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∂r
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∂Vr
∂θ

]
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=
1

r sin(θ)

[
∂

∂θ
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∂Vθ
∂φ

]
r̂ +
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[
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∂Vr
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− ∂

∂r
(rVφ)

]
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∂
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∂Vr
∂θ

]
φ̂

The Laplacian in any coordinate system can be expressed as
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∂u3
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The Laplacian in Spherical Coordinates is then

∇2 =
1

r2 sin(θ)

∂

∂r

(
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∂

∂r

)
+

1

r2 sin(θ)

∂

∂θ
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∂θ

)
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∂
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)
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)
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)
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(
r2
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∂r2
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)
+
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